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Analysis of ultrahigh frequency nanomechanical resonators, which are based on double-walled carbon nanotubes
(DWCNTs) with various wall lengths, was carried out via classical molecular dynamics simulations. In the case of the inner
wall entirely encapsulated inside the outer wall, the outer wall vibration has a significant effect on the vibration of the
DWCNT; while in the case of the inner wall longer than the outer wall, the vibration of the extruded inner wall has a
substantially stronger effect on the DWCNT vibration. It is shown that variations of the DWCNT resonance frequency with
different wall lengths can be well fitted by Pearson VII and Gauss distribution functions. This result is potentially useful for
developing design guidelines for making very fine tuners using DWCNT resonators of various wall lengths.
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1. Introduction

Carbon nanotubes (CNTs) exhibit appealing properties

such as extremely high in-plane elastic modulus and

thermal conductivity. Such properties, as well as the

perfect atomic structure on the nanometer scale, imply

potential applications of CNTs in nanoelectromechanical

systems as components of high-frequency oscillators for

sensing and signal processing applications [1–3]. A higher

resonant frequency generally implies that the sensor can

achieve a higher sensitivity [2]. The mechanical quality

factor (Q) also strongly influences the sensitivity of

nanoelectromechanical system-based devices. For wire-

less communications, higher frequency resonators enable

production of higher frequency filters, oscillators and

mixers [4]. The advancement of high-frequency nanoelec-

tromechanical systems is resulting in a variety of new

applications including mechanical mass or charge

detectors [3,5] and nanodevices for high-frequency signal

processing [6] and biological imaging [7]. For example,

Poncharal et al. [3] demonstrated how to exploit the

resonance of a cantilevered CNT to estimate the mass of an

attached carbonaceous particle as light as 30 fg, inside a

transmission electron microscope. Recently, Jensen et al.

[2] demonstrated a room temperature, CNT-based

nanomechanical resonator with atomic mass resolution,

which is based on a nanotube radio receiver design [8].

Chiu et al. [9] addressed atomic-scale mass sensors using

suspended CNT resonators.

Double-walled CNT (DWCNT) resonators have

different mechanical structures than single-walled carbon

nanotube (SWCNT) resonators, due to their interlayer

interactions, characterised by the van der Waals (vdW)

potential for carbon. Jiang et al. [10] studied the energy

dissipation of cantilevered SWCNT oscillators using

classical molecular dynamics (MD) simulations. They

confirmed that the weak interlayer binding strength

contributes significantly to the energy dissipation in

DWCNT. Recent technological advances have enabled

DWCNTs with different wall lengths to be synthesised by

various techniques. A DWCNT with a short outer wall can

be fabricated via thinning and opening of the DWCNT by

oxidation using carbon dioxide [11], and burning of the

outer wall using an electric current [12]. A DWCNT with a

short inner wall can be fabricated via the nano-peapod-to-

DWCNT transition [13–16]. Bandow et al. [13,14] and

Luzzi and Smith [15] have prepared DWCNTs by merging

chains of C60 molecules inside SWCNTs. Due to

polymerisation of C60 short CNTs with diameters of

<7 Å are preferentially formed first; via heating or

electron irradiation, these short CNTs subsequently merge

and lengthen. During merging, a diameter transformation

of the inner tube is needed in order to adjust the interlayer

spacing between the inner and outer CNTs to fit the vdW

ISSN 0892-7022 print/ISSN 1029-0435 online

q 2011 Taylor & Francis

DOI: 10.1080/08927022.2010.509862

http://www.informaworld.com

*Corresponding author. Email: hjhwang@cau.ac.kr

Molecular Simulation

Vol. 37, No. 1, January 2011, 18–22

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
9
:
2
7
 
3
1
 
J
a
n
u
a
r
y
 
2
0
1
1



distance. As a result, the number of diameter <7 Å tubes

decreases, and the number of larger diameter CNTs

increases with increasing heating time [14].

Therefore, cantilevered DWCNT resonators with

different wall lengths can be considered as alternative

high-frequency resonators. Our previous works [17,18],

based on a few cases with severe limitations, have

suggested that the fundamental frequencies of DWCNT

resonators can be estimated by a Gaussian distribution.

The present effort is aimed at studying the frequency

dependence of DWCNT resonators upon the wall lengths

in a general setting. We have thus performed a systematic

analysis of the resonance frequencies of cantilevered

(5,5)(10,10) DWCNT resonators having a commensurate

interlayer lattice matching with an interwall spacing of

3.4 Å and different wall lengths via classical MD

simulations. Our analysis shows a novel property of the

fundamental frequency variations with the wall lengths.

2. Schematics and simulation methods

Figure 1 shows the simple schematics of a dual-telescoping

cantilevered CNT resonator. By controlling the bias of the

gate electrode, the telescoped cantilevered CNT can be

vibrated as studied in the previous work [2,3], and then the

vibrating CNT tip can be detected by the anode electrode

[2]. When we want to change the vibrating frequency of the

CNT tip, the desired frequency can be achieved by

changing the length of the vibrating CNT by manipulating

two nano-positioning controllers. We presented the

schematics of a gigahertz tuner, which can be used

repeatedly, based on a telescoped multi-walled CNT by

manipulating a nano-positioning controller in our previous

work [19]. Specially, cantilevered DWCNT resonators

with different wall lengths had a wide range of the

operating frequencies [17,18].

The CNT structure of our resonator is very similar to

that of previous CNT-based oscillators described by

Legoas et al. [20]; in both systems, the operating

frequencies can be determined by both the length of the

CNTs and the different wall lengths [17,18,20,21].

However, the mechanisms of the frequency generation

are different: our resonator is operated by the vibrating

cantilevered CNT, whereas the previous CNT oscillators

are operated by the translational oscillations based on the

interwall sliding with an ideal low friction.

In order to investigate cantilevered (5,5)(10,10)

DWCNT resonators, we used classical MD methods to

model the oscillation behaviour of the DWCNT.

Interactions between carbon atoms that form covalent

bonds on CNT were modelled using the Tersoff–Brenner

potential [22,23], which has been extensively applied to

carbon systems [24] and is responsible for the experimen-

tal effectiveness of the simulation results [25]. The long-

range interactions of carbon were characterised using the

Lennard-Jones 12-6 (LJ12-6) potential, based on the

parameters obtained by Ulbricht et al. [26]. In this work,

the respective parameters of the LJ12-6 potential were

1carbon ¼ 2.4038 £ 1023 eV and scarbon ¼ 3.37 Å, and the

cut-off distance of the LJ12-6 potential was 10 Å. The MD

methods utilised in our previous works [27–30] were

implemented using the velocity Verlet algorithm, a

Gunsteren–Berendsen thermostat to control the tempera-

ture and neighbour lists to improve the computing

performance. The MD time step was 5 £ 1024 ps. The

initial atomic velocities were determined according to the

Maxwell distribution, and the magnitudes were adjusted in

order to fit the temperature of the system. In all the MD

simulations, the temperature was set to 1K.

The lengths of the inner (5,5) and outer (10,10) walls

are denoted by L5 and L10, respectively. The left ends of

both walls were fixed during the classical MD simulations.

The length (L5) of the inner (5,5) CNT was changed in

1 nm steps from 0 to 10 nm, and the lengths (L10) of the

outer (10,10) CNTwere also changed in 1 nm steps from 0

to 10 nm. So, we performed MD simulations of 120 cases.

In order to obtain the resonant frequencies, we performed

MD simulations under an external force of 0.001 eV/Å per

atom applied along the transverse direction for an initial

time of 2.5 ps. Upon removal of the bending force, the

CNT resonators were allowed to oscillate freely. The

fundamental resonance frequencies ( f) were analysed via

the fast Fourier transform, based on the data sampled at

0.05 ps [18].

3. Results and discussion

Figure 2(a) and (b) shows the resonance frequencies as

functions of L5 and L10 and the contour of the resonance

frequencies for L5 and L10, respectively. The peak occurs at

the DWCNT with the length of 1 nm, and the resonance

frequencies are greatly decreased with increasing length of

L5 and/or L10. The ridge on the resonance frequency plot

occurs from the peak to point when L10 ¼ 7 nm.

For a detailed comparison, the resonance frequencies

are plotted as a function of L5 and L10, as shown in Figures

Outer CNT

Holder
Inner CNT

Guide CNT

Nano
Positioning 2

Nano
Positioning 1

Figure 1. Simple schematics of a dual-telescoping cantilevered
CNT resonator.
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3 and 4, respectively. As seen in the figures, oscillators

made of (5,5) and (10,10) SWCNTs or (5,5)(10,10)

DWCNTs have their frequencies increase with the

increasing wall length – a trend consistent with the

classical beam vibration theory. However, the frequency

variation with one length, while fixing the other, cannot be

modelled by a regressive equation, contrary to the classical

theory.

In Figure 3, the resonance frequencies are almost

constant when L5 # L10, whereas decreasing resonance

frequencies follow the frequency decrease trend of

SWCNTs with increasing L5 when L5 . L10. These results

show that when the inner wall is entirely encapsulated

inside the outer wall, the vibration of the DWCNT is

greatly influenced by the vibration of the outer wall.

However, we note that the encapsulated inner wall is

slightly influenced by the vibration of the corresponding

DWCNT with the vdW interaction. So, the resonance

frequency of the DWCNT is reduced by 15% rather than

the resonance frequency of the SWCNT for the outer wall,

as discussed in a previous work [18].

In Figure 4, for most cases, the resonance frequencies

increased when L10 # 0.7L5 whereas decreasing reson-

ance frequencies follow the frequency decrease trend of

SWCNTs with increasing L10 when L10 . 0.7L5. These

results show that when the inner wall is partially covered

by the outer wall, the vibration of the uncovered inner wall

greatly influences the vibrational frequency of the

DWCNT.

In our MD simulations, the left ends of both the inner

and outer walls were fixed, whereas the other ends were

free. The right free end of the outer wall can be considered

as another boundary of the inner wall. The short outer wall

is more rigid than the long inner wall; so, the outer wall

end moves much less than the inner wall end. Thus, the

semi-free boundary condition due to the free end of

the outer wall is very important for understanding the

vibrations of the cantilevered DWCNT resonator. This

property is very important for understanding the resonance

frequency variation of DWCNT resonators as a function of

the outer wall length. For DWCNT resonators with short
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Figure 4. Resonance frequencies as a function of L10 for various
values of L5.
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outer walls, as the length of the outer wall that covers the

inner wall increases, the distance from the free end of the

outer wall to that of the inner wall decreases, and this

results in an increase of the fundamental resonance

frequency. However, as the length of the outer wall

increasingly lengthens, that of the uncovered inner wall

shortens. In this case, the semi-free boundary has an

increasingly smaller impact. This is understood in terms of

the decrease of the fundamental resonant frequency after

the peak, as shown in Figure 4. Therefore, the resonance

frequencies of DWCNT resonators with short outer walls

can be understood in terms of both those of the DWCNT

resonator and the SWCNT resonator with the length of L 0
5

(L5 2 L10) under the condition of a non-fixed but limited

left end. The movable right end of the outer wall can be

considered as a non-fixed but limited node for the vibration

of the inner wall with the length of L05.

From the data in Figures 3 and 4, the above discussion

implies that the resonance frequencies of DWCNTs can be

modelled in terms of the relationships between L5 and L10.

Therefore, we plot the values ( f/fMAX) – the resonant

frequency of a DWCNT oscillator normalised by its

maximum frequency ( fMAX), in Figure 5, as a function of

the length ratio L5/L10 for different values of the outer wall

length L10. The peak is at L5/L10 ¼ 0.76 ^ 0.04, and as

shown by the solid line in Figure 5, the data are best fitted

by the Pearson VII function, which is summarised by the

centre peak point (xc) of 0.76099, amplitude (A) of

955.4731, width (w) of 1.2562 and factor (m) of 0.50067.

However, when 0.2 # L5/L10 # 1.3 the data are well fitted

by the normal distribution function, and the data when

0.76 # L5/L10 are well fitted by an exponential function.

Figure 6 shows f/fMAX as a function of L10/L5 for different

values of L5. As shown by the solid line in Figure 6, the

data are best fitted by a Gauss distribution function, which

is summarised by the mean (xc) of 0.43147, amplitude (A)

of 2.13025, standard deviation (s) of 1.7771 and offset of

0.04943. However, the data when 0.9 # L5/L10 are well

fitted by an exponential function.

These results lead us to suggest that the vibration

frequencies of DWCNT resonators with different inter-wall

lengths can be modelled by universal functions that are

estimated by the ratio between the two lengths; so it is

possible that these properties can enable us to utilise

DWCNT resonators. Such a Pearson VII or a Gaussian

distribution implies that the frequency of DWCNT

resonators with different walls lengths is a maximum when

the length of theouterwall is about 76% that of the innerwall.

This property implies that DWCNT resonators with short

outer walls have a high potential for engineering

applications. If the length of the outer wall can be controlled

independently of the inner wall, various frequency devices

can be fabricated froma single type ofDWCNTwithwalls of

equal length [18].

In our MD results, the resonance frequencies of

DWCNTs with walls of equal length are higher than those

of SWCNTs composed of its inner walls, and slightly less

than those of SWCNTs composed of its outer walls. These

results are in good agreement with previous works [18,31]

in which SWCNTs have larger vibration frequencies than

DWCNTs. This is because the vibrational properties in the

case of DWCNTs are largely affected by the inter-wall

interactions due to the vibration deflections of the inner and

outer nanotubes. When the outer and inner wall lengths are

equal, the vibration frequencies of the former are higher

than those of the latter. Therefore, slowly deflective inner

walls can affect the deflective vibration of the outer wall and

so such non-coaxial intertube vibration phenomena ensure

that the vibration frequencies of DWCNTs are less than

those of SWCNTs with a given length and diameter. The

interaction between the inner and outer nanotubes of

DWCNTs is considered to be coupled via the vdW force.

This work implies the potential of an alternative

application of DWCNTs, as ultrahigh frequency nanome-
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chanical resonators controlled by the outer or inner wall

length. Such ultrahigh frequency nanomechanical resona-

tors will facilitate the development of fast scanning probe

microscopes, magnetic resonant force microscopes, and

even mechanical supercomputers, ultrahigh frequency

tuners, and nanodevices for high-frequency signal

processing and biological imaging. When the length of

the outer wall can be controlled, various resonators with

different frequencies can be fabricated from several

DWCNTs with walls of equal length.

4. Concluding remarks

We have investigated ultrahigh frequency nanomechanical

resonators, made of DWCNTs with various wall lengths, via

classical MD simulations, and we have aimed our analysis

on the frequency variations of these resonators with the

DWCNT wall lengths. The results show that the variations

can bewell fitted by either the PearsonVII functionwhen the

resonant frequency of normalised by itsmaximum frequency

is plotted as a function of the inner/outer wall length ratio

L5/L10 for different values of the outer wall length L10, or a

Gauss distribution function when the resonant frequency of

normalised by its maximum frequency is plotted as a

function of the outer/inner wall length ratio for different

values of the inner wall length. We anticipate that these

phenomena will be empirically confirmed.
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